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Abstract 

This paper is devoted to establish a continuous dependence estimate for the ergodic 
problem for Bellman operators (namely an estimate of \\vi — V2W00 where i»i and vi 
solve two equations with different coefficients) with an explicit dependence on the L°°- 
distance between the coefficients and an explicit characterization of the constants. 

Afterwards this result will be crucial in the estimate of the rate of convergence for 
the homogenization of Bellman equations. In some regular cases, we shall obtain the 
same rate of convergence established in [91 [5T] for regular linear problems. 
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1 Introduction 

t— 1 ' 

In this paper we study the continuous dependence estimate for the ergodic problem of 
(Hamilton-Jacobi-)Bellman operators. This property will be crucial (among others) in the 
estimate of the rate of convergence for the homogenization problem of such operators. 



In the ergodic problem, we seek a pair (v, U), with v £ C(R n ) and U G R (that is, v 
is a real-valued function while U is a constant) which, in viscosity sense, satisfies 

H(x,Dv,D 2 v) = U inR" (1.1) 

where the Bellman operator 

H(x,p, X) = max{— tr (a(x, a)X) — /(x, a) ■ p — £(x, a)} (1-2) 

is uniformly elliptic and periodic in x. (we recall that these operators naturally arise in 
optimal control problems; see below). This kind of equations have been widely studied 
in literature, in particular in connection with homogenization or singular perturbation 
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problems (see j3[ 01 [TT], [T7] and references therein) , with long-time behaviour of solution 
to parabolic equations (see [H [8]) with dynamical systems in a torus (see [TJ [15]) and 
with the principal eigenvalue and maximum principle (see [17\ [3]). In order to solve 
problem ([l.ip . it is expedient to introduce either the stationary approximated problems 



m 



Xv + H(x, Dv , D v ) = 
for any A G (0, 1), or the evolutive approximated problem 

d t V + H(x,DV,D 2 V) =0 in (0,+oo) x M n , U(0,x) = 



on 



(1.3) 



(1.4) 



It is well known (see [HE]) that: (1) there exists exactly one value U £~EL (called ergodic 
constant) such that equation admits a periodic solution (which is unique up to a 

constant); (2) there exist exactly a periodic solution to (jl.3p and a x-periodic solution 
to (|1.4|) : (3) as A ->■ + (respectively t ->■ +oo), -Aw A and v x -v x (0) (resp., V(t,x)/t and 
y(i, x) — C/i) uniformly converge to U and respectively to a solution u of (jl.ip . 

On the other hand, problems (jl.3p and (jl.4p naturally arise in stochastic optimal 
control problem in a periodic medium: consider the control system for s > 



dx s = f(x s ,a s )ds + \/2a(x s ,a s )dW s , 



x 



where (O, T, V) is a probability space endowed with a right continuous filtration (J r t)o<t<+t> 
and a p-dimensional Brownian motion Wj. The control a is chosen in the set A of pro- 
gressively measurable processes with value in the compact set A for minimizing the cost 



P(x,a) :=E a 



£(x s ,a s )e s ds, (resp., P(t,x,a) 



t 

E„ / £(x s ,a; s )ds) 
'o 



where K x denotes the expectation. Then, the value function v x (x) := inf ag _4 P(x, a) 
(resp., V(t,x) := inf ae _4 P(t, x, a)) solves ()1 .3|) (resp., (jl.4p ) with a = crcr T . We deduce 
that the ergodic constant and a solution to (jl.ip can be written as (for some cq S R) 



C7 = lim A inf E x . L 



+CX3 



I X a , c 



-Xs 



ds = lim 7 inf L £(x s , a s )ds 



v = lim A 



inf P(x, a) 



inf P(x, a) 



lim 

t— >+oo 



inf P(t, x, a) 



Ut 



+ Cq. 



In this paper, we tackle the continuous dependence estimate for the solution v to (jl.ip 
with v(0) =0 namely, an estimate of ||fi — V2||oo 5 where v\ and t>2 are solutions to two 
equations (jl.ip with different coefficients. The additional requirement v (0) =0 is needed to 
avoid the non-uniqueness of v. We recall that the continuous dependence estimate for the 
ergodic constant has been established in [2] (see [23] and [3] respectively for a generalization 
to Bellman-Isaacs operators and to some degenerate elliptic cases). Let us recall that such 
estimates have been widely studied because they play a crucial role in many contexts as 
error estimates for approximation schemes (see [16] and references therein) , regularity 
results (for instance, see [61 [20]) and rate of convergence for vanishing viscosity methods 
(see [HI [20] and references therein) . Unfortunately, the previous literature does not apply 
to (jl.ip : indeed, as far as we know, all the papers consider either elliptic equations with a 
strictly positive coefficient of the 0-th order term or parabolic equations where the constant 
entering in the estimate diverges as t — > +oo. In other words, these results apply to (jl.3p 
or to (jl.4p but the estimates would diverge as A — > + or t — > +oo. Finally, for a diffusion 
matrix left unchanged, the continuous dependence estimate for the v is ascertained in 
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In the second part of the paper, we shall study the rate of convergence for the 
homogenization of Bellman equations. Consider the problem 

u £ + H (x,^,Du £ ,D 2 u £ ^) =0 inM n , (1.5) 

where H has the form (|1.2p and its coefficients depend on (x,x/e, a) and are x/e-periodic. 
It is well known (see [21 [T7] ) , that as e — > + , the solution u £ converges locally uniformly 
to the solution of the effective problem 

u + H (x, Du, D 2 u) = inM n 

where the value H(x,p, X) is characterized as the ergodic constant for a suitable Hamil- 
tonian (see Section [3] for details) . This feature is formally motivated by the the expansion 
(which goes back to the homogenization theory for linear equations; see [91 121j) 

u £ (x) = u{x) + sv(x, x/e) + e 2 w(x,x/e) + . . . . (1-6) 

In the framework of fully nonlinear equations, the study of the rate of convergence for 
the homogenization problem (namely, an estimate of \\u— ?/||oo) started with the paper [14j 
for first order problems (for the linear case: see OET] for the periodic environment and [26J 
for the random one). Camilli and the author [13] tackled this issue for the homogenization 
of Bellman problem (jl.5p . Taking advantage of the C 2 ' e -regularity of u, they proved that 
u £ converges to u with a rate of order 29/(2 + 6), namely \\u — u £ \\oo < Ce 29 ^ 2+e \ It is 
worth to recall that Caffarelli and Souganidis [10] obtained a rate of order | lne| -1 / 2 for 
the homogenization of possibly nonconvex Hamiltonians in random media. 

In this paper, we shall improve the result of [13] obtaining a rate of order 9. Let 
us stress that, for 9 = 1, our estimate has the same order as the "natural" one given by 
the formal expansion (|1.6p and also as the regular case for linear problem as stated in 
the monographs by Bensoussan, J.L. Lions and Papanicolaou [§1 pag. 76] and by Jikov, 
Kozlov and Oleinik [211 P a g- 30]. 

In conclusion, this paper is devoted to two main purposes. The former is to estab- 
lish a continuous dependence estimate for the solution v to (|l.lj) - ([1.2|) with an explicit 
dependence on the L°°-distance between the coefficients and an explicit characterization 
of the constants. The latter is to establish an estimate of the rate of convergence for the 
homogenization problem (|1.5p that generalizes to Bellman operators the estimate given in 
the monographs [HI [21] for linear ones. 

This paper is organized as follows: in the rest of this Section we set some notations. 
Section [2] is devoted to the continuous dependence estimate for the ergodic problem. Sec- 
tion [3] concerns the rate of convergence for the homogenization problem. 

Notations: We define M n,p and S n respectively as the set of n xp real matrices and 
the set ofnxn real symmetric matrices. The latter is endowed with the euclidean norm 

and with the usual order, namely: for X = (^Qj)ij=i,...,n £ §> n > \X\ := iJ27j=i-^ij) = 
ti( T AA) and, for X, Y € § n , we shall write X > Y, if X — Y is a semi-definite positive 
matrix. We denote / the identity matrix in S n . 

For every real-valued function h, we set ||/i||oo := ess sup \h(y)\. For 9 £ (0, 1], we use 
the ^-Holder seminorm: [h]g := sup^^, |~~t^ ■ C 9 (W n ) denotes the space of functions 

h such that: ||/i||oo + [h)e < +oo while, for m G N, C m,e stands for the space of functions 
whose derivatives of order m belong to C e (M. n ). 
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2 Continuous dependence estimate for the ergodic problem 

This Section is devoted to obtain an estimate of \\v\ — V2II00 where, for % = 1, 2, V{ is the 
solution to the following ergodic problem 

max{-ti (ai(x,a)D 2 Vi) - fi(x,a) ■ Dvi - £i(x,a)} = Ui in R n , Vi (0) = 0. (Ei) 
We shall assume 

(Al) A is a compact metric space; 

(A2) for <ji(x,a) G M n ' p , = CjcJ 1 is uniformly elliptic: for some ^ > 0, there holds 
a(x,a) > vl, V(x,a) e 1" x i; 

(A3) the functions cij, fa and £j are Z ra -periodic in x; moreover, they are bounded and 
Lipschitz continuous in x uniformly in a, namely, for <ft = a,i,fi,£i, there holds 

UWoo < K^, \(t>(x,a) - <i>(y,a)\ < L^x-y] Vx, y G R n , a G A. 

In order to study problem (|Ei|) . it is expedient to introduce the approximate equa- 
tions for A G (0, 1) 

\vf + max {-tr (ai(x, a) D 2 v^ - fi{x,a) ■v£-£ i (x,a)} = in M n . (Ai) 

In the next Proposition, we shall establish some useful properties of problems (|Ei|) and (jAi|) : 
since most of them are yet known in literature, we shall postpone the proof at the end of 
the Section. 

Proposition 2.1 The following properties hold 

(i) There exists exactly one periodic solution to (jAip with ||Au*||oo < Kp.. 

(ii) For some constant 9 G (0, 1] depending only on n and v, there holds 

hi ~ «ftO)||oM(R») < Ci(l + K U + L U ) VA G (0, 1) 
where C\ is a constant independent of A, and L^. . 

(Hi) As A — > + ; the sequence {Au*}a uniformly converges to a value —U; L ; moreover, XJ{ 
is the unique constant such that the problem (fEij) admits a periodic solution. 

(iv) As A — > + , the sequence {vf — vf(f))}\ uniformly converges to the unique solution 
to (pi]). 

Let us now establish our main result on the continuous dependence estimate for 
problem (|Ei|) . 

Theorem 2.1 Let Vi be the unique solution to problem (jEjj) (i = 1,2). Then, there holds 
\\v\ — V2W00 < CCe I max \a\ — + max |/i — /2I ] + C max |£i — ^| 

\ x,ct x,a J x,a 

where Ce := 1 + (JQj + i^) A (if^ 2 + L^ 2 ) while C is a constant independent of and 
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Proof of Theorem 12.11 For i = 1,2, let v£ be the solution to the approximated 
problem (jArj) ; set wf := — v^(0). By Proposition 12. U (u>) . it suffices to establish 

Hoc < CC e (max lai - a 2 \ +max|/i - / 2 | ]+Cmax |^i-4| VA e (0,1) (2.1) 

V x,a x,a J x,a 

where C is a constant depending only on K ai1 L Qi , Kf t , Lf t , n and v (i.e., it is independent 
of Kg., Lp. and A). 

Let us claim that, for every A G (0, 1), there holds 



M\ v l ~ v 2 I loo 



< C\Ct ( max |d — 02I + max l/i ~~ /2I I + m ax \l\ — £ 2 \, (2-2) 

y x,a x,a J x,a 



where C\ and Cg are the constants introduced respectively in Proposition 12. H -(iz) and in 
the statement. Indeed, assume wlog Kg 1 + > Kg 2 + Lg 2 ; one can easily check that the 
functions 



v ± := v$ ± A 



' x C\Ci ( max |d — 02! + max |/i — / 2 | ] + A 1 max \£\ — £ 2 \ 

y x,a x,a I x.a 



are respectively a super- and a subsolution to problem (| Ai[) with i = 1. The comparison 
principle guarantees i>~ < i> A < v + which is equivalent to (I2.2p . 

In order to prove inequality (|2.1|) . we shall proceed by contradiction assuming that, 
for k £ N and i = 1, 2, there exist Afc, dfc, /j& and such that 

-) Afc — > as k — > +00, 

-) Ojfc and /jfc satisfy (A2)-(A3) with the same constants v, K a , L a , Kf and Lf, 
-) c fc := ||u) Afe - u^lloo > k[C k (max |d - a 2 \ + max |/i - / 2 |) + max \£i - £ 2 \] 
where C fe := 1 + (Kg lk + L^J A (if^ + L^ afc ), -u; Afe := u Aft - v Afe (0) and t> Afe is the solution 



to problem (p\ij) with A, a, / and £ replaced rispectively by X k , dfc, and Without 
any loss of generality, we assume Kg lk + Lg lk > Kg 2k + Lg 2k for every k £ N; we observe 
that the function ■u)*' := ui Afe — u;^ solves 

A^ + A fc ( W Afc (0) - t> Afc (0)) + max {- tr(a lfc Z) 2 u; fc ) - • Dw k ] 

+ max I tr[(a 2fc - ax k )D 2 w^ k ] + (/ 2fc - fxk) • Dw^ + £ 2k ~ hk \ > °- 

In particular, the function := w k /c k = w /\\w \\oa fulfills 

H k {x, Dw k , D 2 w k ) + X k w k + c^^fc (w Afc (0) - W Afc (0)) 

+ c^ 1 max I tr[(a 2fc - dfc)- 02 ^*] + (f 2k - fi k ) ■ Dw$ k + £ 2k - l\ k \ > 0, 



with 



H k (x,p,X) = m&x{-tic(a lk (x,a)X) - fi k (x,a) ■ p} . 



Since ||u>fc||oo = 1, by (|2.2p and the definition of c k , we infer 

X k w k + c^ l X k (v Afc (0) - w 2 fe (0)^ = o(l) as k -> +00. 
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Moreover, owing to Proposition I2.1I -(m) and to our definition of c k we have 



max <! tr[(a 2fc - ai k )D 2 w 2 Sk \ + (f 2k - f lk ) • Dw^ + tik ~ ' j/v 



< c k l ( max|aifc - a 2 k\\\D 2 wl k \\oo + max|/i fc - f2k\\\Dw 2 k \\ 00 + max\£ lk - hk\ I 

\ x,a x,a x,a I 

< c^ 1 Ci(l + Ki + L £ ) (max|ai fc - a 2k \ +max|/i fc -/ 2fc | I +max|^i fc - £ 2k \ 

< o(l) as k — > +00. 

Taking into account the last three relations, we obtain 

H k (x,Dw k ,D 2 w k )>o(l). (2.3) 

We note that H k fulfills the following properties for every (x,p,X) and k 

\H k (x,p,X)\ <K a \X\+K f \p\ 
|#fc(xi,pi,Xi) - H k (x 2 ,p 2 ,X 2 )\ < K a \X x - X 2 \ + K f \ Pl -p 2 \ 

+ [L a {\X x \ A \X 2 \) + L f (\ Pl \ A \p 2 \)]\xi ~ x 2 \. 

By Ascoli Theorem, we can assume that, as k — > +00, H k converge to some operator H 
locally uniformly in R n x W 1 x S n ; moreover, H is uniformly elliptic. On the other 
hand, since ||wfe||oo = 1) by standard regularity theory for elliptic equations (see p5]). 
the functions w k are uniformly Holder continuous; whence, again by the Ascoli Theorem, 
we can assume that w k converge to some continuous periodic function w uniformly in M n . 
Finally, passing to the limit in ([2.3|) . the stability result for viscosity solution entails that w 
is a solution to 

H(x,Dw,D 2 w) > 0. 

We note that w also verifies: [|to[|oo = 1) an d w(0) = 0; thus, it attains its global min- 
imum. This fact contradicts the maximum principle (see: [251 [5]); the proof of (|2.ip is 
accomplished. □ 



Proof of Proposition 12.11 For the detailed proof, we refer the reader to [H Theorem 
II. 2] and to [2, Proposition 12] (see also O Theorem 4.1] for similar results for Hamilton- 
Jacobi-Bellman-Isaacs operators). Let us just discuss the proof of point (ii) and, especially, 
its right hand side which seems to be new in this form. For the sake of simplicity, we shall 
drop the subscript "i". We claim that there exists a constant C[, enjoying the same 
properties of C\ (i.e., independent of A, iQ and Li) such that 

||w A — w A (0)||oo < C?i(l + li^) VAG(0,1). (2.4) 

In order to prove this relation, we proceed by contradiction assuming that, for k G N, 
there exist X k , a k , f k and £ k , fulfilling (A1)-(A3) with the same constants K a , L a , Kf 
and Lf, such that — > as k — > +00 and 

K fc -«A fc (0)||oo>A:(H-iQ fc ) VfceN (2.5) 

where v\ k is the solution to (|A"i]) with A, a.- L , fa and l{ replaced respectively by A&, a k , fk 
and l k . 
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For r/k := \\v\ k — v\ k (0)\\oo, set v k := r] k (v\ k — v\ k (0)). We note that there holds 

XkV k + r]^ 1 X k v Xk (0) + max {- tr (a k D 2 v k \ - f k • Dv k - = 0; 

in particular, for any ao G A fixed, we obtain 

AfcU fc + A fc 7fc V fc (0)-tr (o fc (-,oo)Z)V) - / fc (-, ao) • Du fc - ^H k {; a ) < 0. 

We have II v | joo — 1; moreover, by standard regularity theory for HJB equations (see [T8j 
123]). the functions u fc are equi-Lipschitz continuous. Without any loss of generality, we 
can assume that v k uniformly converges to some periodic function v with v(0) = and 
INloo = 1> On the other hand, by (-A3), (eventually passing to subsequence) a k (-,ao) 
and /fe(-,ao) are uniformly convergent respectively to some a and /. Letting k — > +oo 
in the previous inequality, by point (i) and relation (|2.5|) . the stability result of viscosity 
solutions ensures: - tr (aD 2 v) - f ■ Dv < 0. By the maximum principle (see [25 1 [5]), 
■D cannot attain its maximum; this property contradicts the fact that v is periodic with 
v(0) = and Halloo = 1- hence, our claim (|2.4p is established. 

Finally, invoking [24, Theorem 1.1], for some 9 £ (0,1] depending on n and v and 
for some constant C'{ enjoying the same properties of C\, we get 

\\v x - v\0)\\ C 2,e m < C'{ (C[(l + K e ) + L t ) 

which amounts to our statement. □ 



3 Rate of convergence for the homogenization problem 

We consider the following homogenization problem 

u £ + H (x,^,Du £ ,D 2 u £ ^) = inM n (3.1) 

with 

H{x,y,p,X) = m&x{-tv(a(x,y,a)X) - f(x,y,a) • p - £(x,y,a)} . (3.2) 
Throughout this Section, the following assumptions will hold 
(HI) A is a compact metric space; 

(H2) for a(x,y,a) G M n,p , a = aa T is uniformly elliptic: for some v > 0, there holds 

a(x,y,a) > ul, V(x,y,a) G M n x R n x A; 

(H3) the functions a, f and I are Z n -periodic in y; moreover, they are bounded and 
Lipschitz continuous in (x,y) uniformly in a: for <j> = a,f,l, there holds ||^||oo < K 
and 

\4>(x 1 ,y 1 ,a) - <f)(x 2 ,y2,a)\ < L{\x\ - x 2 \ + \yi - y 2 \) ^x 1 ,x 2 ,yi,y 2 G M™, a G A. 

Let us recall that equation (|3.ip arises, for instance, in stochastic optimal control problem 
in a medium with miscroscopic periodic heterogeneities. Actually, consider the dynamics 

dx s = f(x s , x s /e, a s )ds + \/2a(x s ,x s /e, a s )dW s , x Q = x 
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in the probability space (O,^ 7 , V) with a right continuous filtration (J r t)o<t<+c« and a 
p-dimensional Brownian motion Wt- It is well known that there holds 

r+oo 

u e {x) := inf 1& x / i(x s , x s /e, a s )e~ s ds 

a£A Jo 

where A stands for the set of progressively measurable processes with value in A. The 
aim of homogenization is to investigate the behaviour of the optimal control problem as 
the heterogeneities become smaller and smaller. In literature (see |17t El [3]) it is well 
known that the limit function u := lim £ __ J>0 + uS can be characterized as the solution of a 
suitable problem (the effective problem). This Section is devoted to establish an estimate 
of ||u e — n||oo- 

As in [13 El [3], we introduce the effective operator H as follows: for every (x,p, X) £ 
M. n x M. n x § n fixed, the value H(x,p, X) is the ergodic constant for H(x, -,p, namely 
it is the unique constant such that there exists a solution to the cell problem 

H(x,y,p,X + D 2 v) = H(x,p,X). (3.3) 

The effective problem is 

u + H (x, Du, D 2 u) = inM n . (3.4) 

In the next two statement we shall collect some properties of problems (|3.ip and (|3.4p and 
respectively of their solutions. We shall omit the proofs: the proof of the former can be 
found in [2], Proposition 12] and in |17} Lemma 3.2] (see also [13, Lemma 2.2]). The proof 
of the latter is an easy consequence of the previous one and of the regularity theory for 
uniformly elliptic convex operators (see |24[ Theorem 1.1]). 

Lemma 3.1 The effective operator H is convex in X and uniformly elliptic with the same 
ellipticity constant v as in (H2). Moreover, there exists a constant C such that 

|S(xi,Pi,li) -H(x 2 ,p 2 ,X 2 )\ < C(l + |pi| A \p 2 \ + \Xi\ A \X 2 \)\ Xl - x 2 \ 

+ C{\ Pl -p 2 \ + \X l -X 2 \). 

Hence the comparison principle also holds for problem ()3.4|) . 

Lemma 3.2 The problems (|3.ip and (|3.4p admit exactly one viscosity solution u £ and 
respectively u. Moreover, there exist N > and G (0, 1] such that 

\\u e \\oo<N, \\u\\oo < X, WDuWoc^N, \\D 2 u\\ C 2,e {B ( xA)) < N Vi G l n . 

Let us now establish our main result on the rate of convergence for the homogeniza- 
tion problem (|3.1|) . 

Theorem 3.1 Letu £ andu be respectively the solution to problems ()3.ip and (|3.4p . Then, 
there exists a constant M such that 

\\u £ - u||oo < Me 9 VeG(0,l) 

where 9 6 (0, 1] is the constant introduced in Lemma \3.5A 
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Proof of Theorem 13,11 We shall proceed using some techniques introduced in |13} 
Theorem 2.1]. We shall denote v(-;x,p, X) the unique solution to (|3.3p with v(0,x,p, X) = 
so as to display its dependence on the fixed parameters. In the following statement, we 
collect some regularity properties of v. 

Lemma 3.3 There exist 6 G (0, 1] and a constant C 2 such that 

00 IK-;zi,pi,^i)IIc 2 .9(r™) < £2(1 + \pi\ + \x x \), 

(ii) \\v{-;x\,px,Xx) - v{-]X2,P2,X 2 )\\oo < C 2 (\pi — P2I + \Xi - X 2 \) 
+ C 2 [1 + (M + \X X \) A (\p 2 \ + \X 2 \)]\ Xl - x 2 \, 

for every x\,x 2 ,p\,p 2 G M. n and X\ , X 2 G E> n . 

Proof of Lemma [3731 We note that equation (|3.3p fulfills assumptions (Al)-(AA) with 
constants K a = K f = K, L a = L f = L, K e = K(l + \p\ + |X|) and L £ = L(l + \p\ + |X|). 
Whence, point (i) is due to Proposition 12. U di) and -(iv). 

In order to ascertain point (ii), it suffices to apply Theorem 12.11 with the variable x 
replaced by y, and (for z = 1,2) 

ai(',a) := a(xi, -, a), /«(•, a) := /(xj, •, a), 
a) := a) + tr(a(xj, •, + /(xj, •, a) • p^. 

Taking into account the bounds 

max |ai — a 2 \ < L\x\ — x 2 \, max |/i — f 2 \ < L\x\ — x 2 \, 
max \l x - t 2 \ < K{\X X - X 2 \ + \ Pl - p 2 \) + L(l + \ Pl \ A \p 2 \ + \X x \f\ \X 2 \)\ Xl - x 2 \, 

by Theorem 12.11 we get 

M-xupuXx) - v(-;x 2 ,p 2 ,X 2 )\\ 00 < 2CC t L\x l -x 2 \+CK{\X l - X 2 \ + \ Pl - p 2 \) 

+ CL{\ + \p x \ A \p 2 \ + \Xi\ A |X 2 |)|xi - x 2 |. 

Taking into account the inequality Ci < [K + L + 1)[1 + (|pi| + |-X"i|) A (\p 2 \ + \X 2 \)], we 
accomplish the proof. □ 

Let us come back to the proof of Theorem 13. 11 Fix e G (0, 1) and, for each 7 G (0, 1), 
introduce the function 

<j>{x) ■= u £ (x) - u(x) - e 2 v [u](x)j - ||x| 2 (3.5) 

where v (y; [u](x)) := v(y; x, Du(x), D 2 u(x)). Taking into account the bounds in Lemma 1331 
(i) and in Lemma f3.2l the functions u 6 , u and v(-/e\ [u]{-)) are bounded; whence there 
exists a point x where the function <p attains its maximum. 

Set c := AC 2 (l + 2N)e e (where C 2 , N and 6 are the constants introduced respectively 
in Lemma 13.31 and in Lemma 13. 2p and introduce the function 

<p{x) := u e {x) — u(x) — e 2 v ^— ; [u](x)^ — t^M 2 — c\x — x\ 2 . (3-6) 
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The function <j) verifies <p{x) = 4>(x) and also, owing to Lemma I3.3K m) and Lemma 13.21 



4>(x) — <f>(x) > —e 2 [v(x/e;[u](x))—v(x/e;[u](x))] + ce 2 

> -C 2 [2Ne e + (1 + pulloo + p 2 «||oo)£]£ 2 + 4C 2 (1 + 2N)e 2+e > 

for every x 6 dB(x,e). Therefore, <^ attains a maximum in some point x G B(x,e). Let 
us prove that there exists a constant Mi > (independent of e and 7) such that 

7 1 / 2 |£| < Mi. (3.7) 

Actually, owing to Lemma 13.21 and Lemma l3.31 (i). inequality (j)(x) > (f)(0) gives 

^|x| 2 < AN + 2C 2 (1 + 2N)e 2 . 

For Mi sufficiently large, we obtain: 7 1 / 2 |x| < Mi/2; in particular, we deduce 
j\x\ < j\x\ + j\x - x\ < 7 1/2 Mi/2 + 75 < 7 1/2 Mi 



that is our claim (|3,7p . 

We claim now that there exists a constant M2 (independent of e and 7) such that 



?/(x) - u(x) < M 2 



e" + 7 



1/2 



(3.8) 



In order to prove this bound, we recall that the function u £ solves problem (|3.ip and that 

x h-> -u E (x) — [-u(x) + e 2 i>(x; [w](x)) + 7|x| 2 /2 + c|x — x| 2 ] 
attains a maximum in x. Thus, we have 

> u e (x) + H (x,x/e, Du(x) + eD y v(x/e; [u](x)) + 7X + 2c(x — x), 

D 2 u{x) + D 2 y v(x/e; [u](x)) + (7 + 2c)/) . 

Assumptions (H\)-(H4), relation (|3.7p . Lemma 13.21 and Lemma l3.3l -(i) guarantee 

H (x, x/e, Du(x) + eD y v(x/e; [u](x)) + jx + 2c(x — x), D 2 u(x)+ 

+D 2 7;(x/e;[n](x)) + (7 + 2 C )/) 
> H (x,x/s,Du(x),D 2 u(x) + D 2 v(x/e; [u](x))) - 



K 



eC 2 (l + 2JV) + 7 1/2 Mi + 2ce + 7 + 2c 



e e + 7 1/2 



> H (x,x/e,Du(x),D 2 u(x) + D 2 v(x/e; [u](x))) - M 2 



for some constant M 2 independent of e and 7. Moreover, the cell problem (|3.3p and the 
effective one (13.411 entail 



H (x, x/e, Du(x),D 2 u(x) + D 2 v(x/e; [u](x))) = H(x, Du(x), D 2 u(x)) = —u(x). 

Substituting the last two relations in the previous one, we accomplish the proof of our 
claim ([SgD . 
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Finally, for every x S M n , the inequalities (j>(x) > <j>(x) = 4>{x) > <j>(x) give 

u £ (x) — u{x) < [u e (x) — u{x)] + [u(x) — u(x)\ + 

e 2 [v(x/e; [u](x)) — v(x/e; [u}(x))j + ^r\x\ 2 



< M 2 



e e + 7 1/2 



+ Ne + 2C 2 (1 + 2N)e 2 + J|x| 2 



where the latter inequality is due to relations (|3.8|) . to Lemma 13.21 and to Lemma l3.3l (i). 
Letting 7 — > + (eventually increasing M2), we deduce 

u e {x) - u(x) < M 2 e e 

hence, we accomplished the proof of one inequality of the statement. Being similar, the 
proof of the other one is omitted. □ 

Example Consider a diffusion coefficient a = a(x) with a G C 1 ' 1 (lR n ). Problem (|3.4|) is 

u e + tr(a(x)£>V) + F 1 (x, -,Du £ ) = (3.9) 



where F±(x,y,p) := max{— f(x, y, a) -p — l(x,y,a)}. Invoking [31 Corollary 3.2], we have 
that the effective equation can be written as 

u + tr(a{x)D 2 u £ ) + F x (x, Du) = 

where F x (x,p) := J, Q ^ Fi(x,y,p) dy. The regularity theory for semilinear equation 
(see |22j) ensures that the effective solution u belongs to C 2,1 (]R n ). Therefore, by Theo- 
rem 13-H there exists a positive constant M such that 

\\u e -u\\oo<Ms Vee(0,l). 
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